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A description is given of the n-generated free algebras Fyq(n), n > 2, in the
varieties MGy, k > 2, of modular ortholattices generated by the ortholattices MO,
of height 2 with 2k atoms. Algebraic methods of the theory of orthomodular
lattices are combined with natural duality theory for varieties of algebras. The
procedures involved in the analysis of Fye,(r) generalize the techniques applied
in the preceding paper, where the cases k = 2, n > 2 were solved. The free
algebras are decomposed by central elements into products of canonical intervals.
Previous methods are refined to accommodate the fact that the decompositions
of F yg,(n) lead to intervals of k — 1 different types. Their structures are obtained
from natural dualities for the varieties MO,, k > 2. Finally, Stirling numbers of
the second kind are used to count the number of intervals.The structures of the
free algebras Fyg(n) for &, n < 10 are explicitly displayed in a table.

1. INTRODUCTION

This is a continuation of Haviar et al. (1997), where a more detailed
introduction to the topic is provided. We repeat only a few important defini-
tions and results here. The following basic facts about orthomodular lattices
can be found in Kalmbach (1983) and Beran (1984).

An orthomodular lattice is an algebra (L; v, A, ’, 0, 1) such that (L; v,
A, 0, 1) is a bounded lattice and ’ is the unary operation of orthocomplementa-
tion. The operation ' is order-reversing with respect to the underlying lattice
order < and the following identities are satisfied:

@) =a H

ana =0 and ava =1 2)
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(anb)y =a vb and (avb)y =a ADb 3)
0 =1, 1I'=0 C))
b=Mbaravbanaa)l )

Here (5) is the orthomodular law. It has the equivalent form
a<b=>b=avpara)

Let L be an orthomodular lattice. The commutator of elements x,, ..., x, €
L is defined by

C(Xb---,xn) = \/ xlil/\”-/\x;.;l (6)
(L. . ., iDel0 )"

where x? = x; and x} = x/. The element (c(x;, ..., x,))' will be denoted
by ¢'(xy, . . ., x,). In particular, the commutator of two elements x, y, which
plays an important role in our considerations, is given by

cOYN=@ANVEAY)VE AYVE AY)
A binary compatibility relation a <> b on L is defined by
ae~b if a=@ab)v(anb) (a,b e L)

and satisfies the following rules:

a<b=a-b 0
a=b" =a~b 8
a-ob=>ae~b, a ~b a <b )
a-bocab)=1 (10)

In orthomodular lattices the compatibility relation is symmetric and the fol-
lowing version of distributivity related to <> holds: ift M C L is such that
v M exists in L and @ € L is such that a © m for every m € M, then

a~vVvM and an(vM)= \/ (anm) ¢8))
meM

Using the previous rules, it is easy to show that
cXp, ..y X)) & X forevery i=1,2,...,n (12)
and
cXp, oy X)) = t(Xy, .oy Xy (13)

for any n-ary term ¢ and any x;, ..., x, € L.
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We shall often deal with intervals in L of the form [0, v] (v e L).
These intervals can be considered as orthomodular lattices if one defines the
orthocomplement of an element a € [0, v] in [0, v] to be @’ A v, where a’'
is the complement in L.

Elements a € L which are compatible with every x e L are called
central. The set Z(L) of all central elements of L is a Boolean subalgebra of
L, called the center of L. Moreover,

acZL,ve L=>anv e Z(0,v]) (14)

The following fact about orthomodular lattices (Kalmbach, 1983, p. 20)
enables us to decompose the free algebras in question into products of smaller
lattices, the structures of which are more readily analyzed:

ceZlye L=10, X[0,c'] (15)

The finitely generated free algebras under consideration lie within certain
subvarieties of the variety of all orthomodular lattices. Let us recall some
basic facts about the subvariety lattice of the variety of all orthomodular
lattices O (Kalmbach, 1983, Chapter 2.9). At the bottom there is a three-
element covering chain

JCRBC MO,
(see Fig. 1), where J and @ are the varieties of trivial algebras and Boolean

algebras, respectively, and MO, = V(MO,) is the variety generated by the
orthomodular lattice MO, of height 2 with 4 atoms a, a’, b, b’ (see Fig. 2).

MO®
|
i
MOH]I
MO
|
I
MO
MO,
B
T

Fig. 1
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0
Fig. 2

In general, MO, (k¥ = 2) denotes the orthomodular lattice of height 2
with 2k atoms. A block of MO, is a maximal Boolean subalgebra {0, q,
a',1} of MO, where a is an atom. It is easy to see that each MO, (k = 2)
satisfies the modular law

X=z=2xv((yArgd=&vyaz

Let MO denote the variety of all modular ortholattices. The only finite
subdirectly irreducible algebras in this variety are MO, (k = 2) and 2. Hence
the subvarieties of MO form the chain

gg%gJ‘/‘,@ng@:;g"'g./‘/‘,@kg./‘/t@k.g.lg"'g./'/t@

of type  + 1, where MO, = V (MO)) is the variety generated by MO,.
The strict inclusions MO, C MO, are given by the fact that the generator
MO, satisfies

k+1

/\ c'(x,-, x]) =0

t,ij<—jl
but MO, does not.

We use the notation F(n) for the free algebra with n generators in a

variety V. Clearly,

Fou(l) = Fg(l) = 22

where 2 denotes the two-element Boolean algebra 2 = ({0, 1}; v, A, ', 0,
1). Further (Beran, 1984, II1.2),

Fou(2) = F(2) X MO, = 2* X MO, = F 40,(2)

The free algebra Fy(3) is infinite since it has the orthomodular lattice of
closed subspaces of R® as a homomorphic image. However, the algebras
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F g, (n) (k = 2, n = 3) are finite because the varieties MO, are locally finite
(Clark and Davey, 1998, Chapter 1.3).

In the preceding paper we described the free algebras Fye,(n) in the
variety MO, for every n > 2 and determined their cardinalities. Let us recall
the main results.

Theorem 1.1 (Haviar, et al., 1997, Theorem 3.3). For any n = 1,
F yo(n) = Fag(n) X (MOy)*™

where
b(n) =273 - 3" =27t 4 )

Corollary 1.2 (Haviar et al., 1997, Corollary 3.4). For any n = 1,

=3.(3n_sn+1
|FM@2(}1)| = 22n . 62n @"-2770+D

To obtain these results, we first decomposed F y¢,(n) by suitable central
elements into simple canonical intervals of the form [0, C;]} for certain term
functions C; = Cg(xy, - . ., X,). Then we showed that each such interval {0,
C] was isomorphic to (MQ,)*"~2 by using methods of natural duality theory
(Davey and Werner, 1983; Clark and Davey, 1998). This was the crucial part
of our method. Finally, we used ordinary combinatories to count the number
of canonical intervals {0, Cg] by establishing a one-to-one correspondence
between the term functions Cg(x,, . . ., x,,) and n-element graphs G containing
a complete bipartite subgraph and isolated vertices. This technique was illus-
trated by a detailed discussion of the case F ye,(3) in Haviar et al. (1997).

The aim of this paper is to generalize this method to describe finitely
generated free modular ortholattices F 4¢,(n) with n generators in the varieties
MO, where n > 2, k > 2. The situation is slightly more complex here. As
it turns out, the decomposition of the free algebra Fye,(n) (k > 2, n > 2)
consists of canonical intervals [0, CGp(xI, ..., x)} of k — 1 different types
corresponding to graphs G, p € {2, ..., k}, containing a complete p-partite
subgraph and isolated vertices. To describe the canonical intervals {0, Cg,]
in Fyg,(n), we need to build up an effective natural duality for the variety
MO,. To count the number of graphs of each type, we use the Stirling numbers
of the second kind. We present formulas for the structure of Fyg,(n) and its
cardinality, and give a table showing explicitly the structures of F g, (n) for
k, n=<10.

2. NATURAL DUALITIES FOR THE VARIETIES M0,

For the basic facts about natural duality theory we recommend Davey
(1993) and Clark and Davey (1998). A very brief summary of the basic
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concepts can be found in Section 2 of Haviar, et al. (1997). Here we recall
only a few facts of the theory.

Let M = (M, F) be a finite algebra. Let M = (M; G, H, R, 7) be the
discrete topological structure, in which the set M is endowed with the discrete
topology 7 and with (finite) families G, H, and R of operations, partial
operations, and relations, respectively. By a graph of an n-ary (partial) opera-
tion A: M" — M we mean an (n + 1)-ary relation

O =00, ey Xy ROy, ..., x,) € M"Y C M

The structure M is said to be algebraic over M if the relations in R and the
graphs of operatlons and partial operations in G U H are subalgebras of
appropriate powers of M. Throughout this paper we are assuming that M =
(M; G, H, R, 7) is algebraic over M.

Let 4 = ISP(M) be the quasi-variety generated by M and let ¥ =
IScP(M) be the class of all structures which are embeddable as closed
substructures into powers of M. Let A be an algebra in & and let D(A)
denote the set of all - homomorphlsms A — M. Similarly, for X € %, let
E(X) denote the set of all ¥-morphisms X — M, which are the continuous
maps preserving the graphs of all (partial) operatlons in G U H and all
relations in R. (We recall that for any set X C M', a map ¢: X — M preserves
the relation r C M” if, whenever X, = (X1diep - --» Xn = (X;)ics are such
that [x;, ..., x,;] € rforeveryi € I, then [¢(X,), ..., ¢(X,)] € r.) Since
M is algebraic over M, D(A) and E(X) can be understood as members of
% and oA, respectively, where we endow these sets of maps pointwise with
the structures of M and M.

Let A € o, X € ¥ and let e5: A = ED (A) and €;: X = DE (X) be
given by evaluation:

es(a)(h) = h(a) forevery a e A and h e D(A)
ex{y)¢e) = @(y) forevery ye X and ¢ € E(X)

The maps e,, €x are embeddings whenever M is algebraic over M, in which
case we say that M yields a pre-duality on . The structure M (or just
G U H U R) is said to yield a (natural) duality on s if for every A € A
the embedding e, is an isomorphism. In this case every algebra A in  is
isomorphic to the algebra ED(A) of all continuous (G U H U R)-preserving
maps from D(A) to M, a representation which allows us to formulate Theorem
2.2. We say that M “(or G U H U R) entails an n- ary (partial) operation A if
for every X e %, each member of E(X) preserves the graph h° as an (n +
1)-ary relation. The structure M entails a set of (partial) operations K if it
entails each k e K. The rolé which entailment plays in order to obtain
workable dualities is discussed in Davey. et al. (1995). Let us quote two
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results here. If e and r are unary algebraic (partial) operations on M [i.e.,
(partial) endomorphisms of M], then {e, r} entails the composition r ¢ e and
the intersection r” N e".

A variety generated by an algebra M is arithmetical if and only if M
has an arithmeticity (Pixley) term function p(x, y, z): M> = M satisfying

p(a,b,b) =p(a,b,a) =pb,b,a)=a forall a,be M

Now we are ready to repeat a result from Haviar et al. (1997, Theorem
2.1) which is an immediate consequence of the Unary Partial Algebra Theorem
in Clark and Davey (1996).

Theorem 2.1. Assume that a subdirectly irreducible algebra M generates
an arithmetical variety § = ISP(M). Let P, be the set of all unary (partial)
endomorphisms of M. Then any set H of unary (partial) endomorphisms of
M that entails %, yields a duality on .

It is well known that an n-generated free algebra in the variety generated
by M is isomorphic to the algebra of all n-ary term functions on M. A further
description of this algebra is obtained by natural duality theory (see also
Haviar et al., 1997, Theorem 2.2).

Theorem 2.2. Let 4 = ISP(M) be a variety and let M = (M; G, H, R,
7) yield a duality on . The n-generated free algebra Fy(n) in the variety
generated by M is isomorphic to the algebra of all (G U H U R)-preserving
functions from M" to M.

If G U H U R yields a duality on ISP(M), then the two representations
of the free algebras are the same, as it can be shown that the continuous
(G U H U R)-preserving functions from M" to M are exactly the n-ary term
functions on M (Davey, 1993, p. 87).

We may now turn our attention to the varieties MO, = V(MO,) which
coincide with the quasi-varieties ISP (MQ,) (Clark and Davey, 1998, Chapter
1.3). In order to use the representation of finitely generated algebras in MO,
in terms of (G U H U R)-preserving maps, we need to exhibit a workable
duality for the varieties MO;. The term function

P,y =@GvaA@xvy)alzvy)
Alce, D ADV(EDAX)V(EX D AXAZD)]

is an arithmeticity term function for the generator MO, because if x, z belong
to the same block of MO, then (x v2) A (x’ v2) = zand c(x, 7) = 1; and
if x, z are atoms of different blocks of MO, (x v 2) A (" v 2) = | and
c(x, 2) = 0. Thus, by Theorem 2.1 any set H which entails the set of all
unary (partial) endomorphisms of MQ,, ?,, yields a duality on MG,. For
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k = 2, every (total) endomorphism of MO, is an automorphism. Each partial
endomorphism of MO, must map the top to the top and the bottom to the
bottom. If a partial endomorphism maps an atom a to ¢ € {0, 1}, then it must
mapa'toc’ e {0, 1}, and such partial endomorphisms are not extendable. Any
other partial endomorphism must map all atoms in its domain to distinct
atoms of MOy, while preserving the complementation. Partial endomorphisms
of this kind extend to automorphisms, and their graphs can be obtained by
intersection from the automorphism group, Aut(MQy). Similarly the partial
endomorphism with graph {(0, 0), (1, 1)} is entailed by Aut(MOjy). So let
us consider a nonextendable partial endomorphism r mapping onto {0, 1},
with graph r® = {(0, 0), (a, 0), (a’, 1), (1, 1)}, where a is some atom in
MO,. Then H = Aut(MO,) U {r} entails all partial endomorphisms of the
same type as r by composition of the automorphisms with r. Since intersection
and composition of partial endomorphisms are admissible entailment con-
structs, H = Aut(MO,) U {r} entails P, and hence the next result is an
immediate consequence of Theorem 2.1.

Theorem 2.3. Let a be an atom of MOy, and let r be the partial endomor-
phism with graph r® = {(0, 0), (a, 0), (¢’, 1), (1, 1)}. Then for k = 2,
H = Aut(MO),) U {r} yields a duality on the variety MO, = ISP(MO,).

We may formulate a corollary to Theorems 2.2 and 2.3.

Corollary 2.4. Let H = Aut(MO,) U {r}. Then the n-generated free
algebra Fyg,(n) in the variety MO, is isomorphic to the algebra of all H-
preserving functions from (MO,)" to MO,.

3. FINITELY GENERATED FREE ALGEBRAS IN MG,

Let F yg,(n) denote the free orthomodular lattice on n generators in the
variety MO, = ISP(MOy). In the last section we showed that Fyg,(n) is
isomorphic to the algebra of all those functions from (MQ,)" to MO, which
preserve H = Aut(MO,) U {r} and noted that these functions are exactly
the n-ary term functions on MO,. This representation allows us to find central
elements to decompose Fye,(n) into a product of intervals which we can
evaluate in terms of H-preserving functions.

The first stage in the analysis of the structure of F yg,(n) is to find central
elements within Fye,(n) by which to decompose F yg,(n). Let t(x,, . . ., x,):
MO,)" = MO, be a term function into {0, 1}. Then for any term function
u(xl, ey x,,): (MOk)" - MOk,

tx, X)) =y e x) Aulxg, ., X))

V&, x) AR (X, ., X))
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and therefore any term function #(x,, . . ., x,) mapping into {0, 1} is a central
element of Fyg,(n). Commutators take only values 0 and 1 and hence by
(15) we may write

FMOk(n) = [07 c(xla ey xn)] X [07 C’(X], seey xn)]
Let us analyze the structure of the interval [0, c(x, ..., x,)] first.

Theorem 3.1. The interval {0, c(xy, ..., x,)] in Fyg(n) is isomorphic
to the n-generated free Boolean algebra Fg(n). Hence

[0, c(xy, ..., x)] =2¢

Proof. We define n-ary functions a; (MQ,)" > MO, i = 1,...,2%in
the following way:

A = XAXAXEA S AXLAC(K, ..., Xy)

G =X AXSAXSA Ax AC(X, ..., X))

— ’ ’
Qi1 S XTAX A AXp_g AXp A C(Xpy .oty Xy)

— ' r
Apis S XPAXy AKX AXpg AC(Xy, . o0y Xy)

Ay = X\ AXp AX3 o AXp AC(Xy, ..., X,)

One can easily show that a; = a; (i.e., a;, a; are orthogonal) for all i, j e
{1,...,2", i # j, hence by (8), a; © a;. Now we use the following fact
about orthomodular lattices (Ptdk and Pulmanov4d, 1991, Propositions 1.3.27
and 1.3.29): if A is a subset of an orthomodular lattice L such that every two
elements of A are compatible, then A can be embedded into a Boolean
subalgebra of L. Letus put A = {a,, ..., ar} C [0, c(xy, ..., x,)]. Then
obviously A generates a Boolean subalgebra of {0, ¢ (x, . . ., x,)], say B with
2" atoms ay, . . . , az, wWhich is isomorphic to the free Boolean algebra 27"
It remains to show that every element of the interval [0, c(x;, ..., x,)]
belongs to B.
Note that by (6)—(8) and (11)

x,vAc(xl,...,x,,)=xiA( \V4 x‘i‘/\---/\xﬁ,">
(G ine{0,1}"

G AXt A Axin

l
<

=g € Alg; = xp) (16)
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x,f/\c(x,,...,x,,)=x,f/\( \Vi x‘i'A---Axif'>

Gloeo s ine{01}"
- \/ (x,’Ax‘ilA"'Axﬁz"
T inefo,1)"
= \/(q; € Alg; =< x)) a7

foralli =1, ..., n. Each element b € [0, c(x, ..., x,)] is of the form
b=1t(x,...,x) Ac(xy,...,x,) for some n-ary term ¢. Using (3), the term
t(xy, ..., x,) can be written in a form I(x,, ..., x,, x{, .. ., x;), where I(z;,
..., Zoy) is a lattice term in which xy, ..., x,, x{, . . ., x,, are substituted for
215 -5 22 Since ¢ = c(xy, ..., x,) is compatible with every element of
Fye(n), by (11) we have

tx, oo X AC =Ry, Xy XL LX) AC
=SUXAC oy Xy AC,XIAC, ..., X AC)

Using the formulas in (16) and (17) for x; A ¢, ..., x, Acand x] A ¢, ...,
X, A ¢, respectively, b can be expressed as a Boolean term function b(a,,
., a,). This shows that b lies in B, completing the proof. =

To evaluate [0, ¢'(xy, . . . , x,)] we decompose this interval further. Recall
that if a is a central element in the orthomodular lattice L and v is an element
of L, then a A v is central in [0, v] C L. Commutators are central elements
in Fyg,(n), hence we may use the commutators c(x;, x;) for i, j = 1, ..., n,
where i < j, to arrive at the decomposition

0,c'(xp,...,x)l = ﬂ [0, /n\ i, x) Ac'(xy, ..., x,,)]

welo1}Y "1:]‘
where the product is taken over all N-tuples
W= (Wi ooy Win W23y oo, Wamp ) € (0, 1}V
where N = (5) and
i _ el xp) if w;=0
C '/(xi’ x]) - {C'(x,-, x]) if Wi,j _ 1
As in our previous paper (Haviar et al.,, 1997) we may construct a labeled
unoriented graph G (without multiple edges and loops) for every term
function
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n
ta(Xp, s X)) = AN\ MG X) ATy, L x)
t,{(—jl
on a vertex set {x, ..., x,} with edges x;x; whenever w; ; = 1 for i <.
Given such a graph G, we are able to reconstruct the term function f, also
denoted by Cg. Thus any one of W, t;, (=C;), and G determines the other
two. To analyze the structure of [0, ¢'(xy, ..., x,)] we need to evaluate the
intervals [0, t4(x;, . . ., x,)] for every N-tuple %. Some of these intervals are
trivial; Proposition 3.2 gives a necessary and sufficient condition on the
structure of the corresponding graph G for [0, t4(x,, ..., x,)] = [0, Cs(xy,
.., X,»)] to be nontrivial.

Proposition 3.2. Let Cg(xy, . . . , X,): (MO)" = MO, be the term function

n
'/'\1 iy, X)) A C' (X, ..., X,)
L]=

i

and G be the associated graph. Then the following conditions are equivalent:

(@) Cgl(xy, ..., x,) is not identically equal to zero;

(b) there exist elements a4, ..., a, € MO, with the following
properties:
(l) CG(al’ e an) = l,
(ii) the elements a;, . . . , a, are not all from the same block of MO,;
(iii) x.x; is an edge of G if and only if a;, g; are atoms of different
blocks in MO,;

() G, := G consists of [ isolated vertices (0 = [ = n — p) and one
connected component which is a complete p-partite graph (2 =
p = n).

Moreover, provided G = G, is as in (c), then there are exactly 2"(}‘,)p! n-
tuples (ay, - .., a,) € (MO, such that Cs(ay, ..., a,) is nonzero.

Proof. (a) = (b). Suppose (a) holds, then there exist @), . .., a, € MOy
such that Cg(ay, ..., a,) # 0. This implies that c*“i(a;, aj) and c'(ay, . . .,
a,) are nonzero for all i and j, and hence must be 1, which forces Cg(a;,

.., a,) = 1. Now c'(a, ..., a,) is equal to 1 if and only if there exist i
and j such that q;, a; are atoms of different blocks of MO,. For such i, j,
where i < j, c"i(a;, a)) = 1 if and only if w;; = 1 if and only if x.x; is an
edge in G, proving (b).

b) = (c). Let ay, ..., a, € MO, be as in condition (b). By (b)(iii),
for a; € {0, 1}, x; must be an isolated vertex in G. If q; is an atom in MQ,,
then by (b)(ii) there exists j such that a; is an atom of a different block and
by (b)(iii), for all such i,j there is an edge xx; in G. Thus G has isolated
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vertices associated with those a; € {a, ..., a,} which are 0 or 1 and the
other vertices may be partitioned according to which block the corresponding
a; come from, giving a complete p-partite graph by (b)(iii), with p greater
than or equal to 2 by (b)(ii). This proves (c).

(c) = (a). We show that, given a labeled graph G = G, as in (c), we

may choose ay, ..., a, € MOy such that Cs(a,, ..., a,) is nonzero: the
value of C; at (ay, ..., a,) is nonzero if and only if all the expressions
c*iia; a;) and ¢’(ay, . . . , a,) are 1. Let us consider the connected component

of G first, which is partitioned into p = 2 parts. Let x; be a vertex in the
connected component. Then for every j such that x;x; is an edge of G, Cg
contains the term c'(x;, x) if i < j or ¢'(x;, x;) if j < i. This term obviously
takes value 1 at (a;, q)) if and only if we choose a;, a; from different blocks
of MO;. For x; lying in the same block of the p-partite graph as x;, C¢; contains
the term ¢ (x;, x;) if i < jor c(x;, x;) if j < i. This term takes value 1 at (a;
a;) if and only if a;, a; are from the same block of MO,. If x; is an isolated
vertex in G, then any term ¢ "(x;, x;) in Cg becomes c (x;, x;) [and similarly
for ¢"-i(x;, x;)], so a; has to lie in the same block as a; for all j. This forces
us to choose a; to be either 0 or 1. So to make C; nonzero at (ay, ..., @,)
we allocate a unique block of MOj to each block of the p-partite component
of G and choose the corresponding a; to be atoms of the associated blocks.
For isolated x; we choose a; € {0, 1}. This proves (a).

The above discussion allows us to count the number of n-tuples (a,
..., a,) at which C; is nonzero. We saw that we needed to allocate p blocks
of MO, in any order to the p blocks of the connected p-partite component.
There are two choices for any a; once the order of the blocks has been chosen,
namely either of the two atoms in the corresponding block for x; in the
connected component, or 0 or 1 for isolated x;, giving 2"(%)p! such n-tuples
(al, .., a,). N

The next task is to analyze the structure of the intervals [0, Cg(xy, . . .,
x,)] associated with graphs G = G, described in Proposition 3.2(c). This can
be done using the duality for MO, given by H = Aut(MQ,) U {r}. The
interval [0, Cg(x;, ..., x,)] is isomorphic to the algebra of all those H-
preserving functions f:(MO,)" = MO, (which are the same as the n-ary term
functions on MQ,) which are pointwise less than or equal to Cg(xy, . . . , X,,).
Any such function f must take value zero whenever the term Cg does. Let
T, be the set consisting of the 2”(;‘,)p! n-tuples (ay, ..., a,) from (MQO))" at
which Cg is nonzero, that is Cglay, ..., a,) = 1.

The function f: (MOy)" = MO, preserves a (partial) endomorphism e
with graph ¢ if fora = (@, ..., a,)., b= (b, ..., b,) € MO,

(al, bl) € eD9 er ey (am bn) € eD = (f(?_)’ f(h)) € eD (18)
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Let r be the partial endomorphism with graph © = {(0, 0), (a, 0), (d’, 1),
(1, 1D}, where g is an atom of MQ,. For the left-hand side of (18) to hold,
the elements a; must lie in {0, a, a’, 1} and the elements b; in {0, 1}, hence
neither a nor b can lie in T¢. Therefore (f(a), f(b)) = (0, 0) e r" for any
f = Cg, making f automatically r-preserving.

Before we discuss the preservation of the automorphisms, let us consider
the action of the automorphism group Aut(MQ,) on (MO,)". The following
concepts and basic facts about group actions can be found, for example, in
Neumann et al. (1994). The group Aut(MO,) acts in the natural way on MO,
by permuting the atoms. For an automorphism « and an element a in MO,
let us denote the action of a on a by a® [we could also write a(a) or ax
depending on whether we treat o as a function or a permutation]. We may
extend the action of Aut(MO,) on MO, pointwise to (MO,)", so for a =
(ap,...,a,) € MOY"and o € Aut(MO,), a* = (a$, ..., a?) € (MOY)".
For such a and o we denote the orbit of a by

Orb a = {aPIB e Aut(MOp}

the stabilizer of a by
Staba = {B € Au(MOy)laP = a)

and the set of elements kept fixed by a under the action on MO, by
fixmo,a = {b € MO,b* = b}
A version of Lagrange’s theorem (Neumann et al., 1994, Corollary 6.2)
asserts that, for all a € (MO,)",
|Aut(MOy)! = 10rb al - |Stab al 19)
To compute the size of |Aut(MO,)| for k = 2, note that any automorphism
is determined by the images of k atoms, one from each block, which have
to be mapped to atoms of distinct blocks of MOy, giving two choices per
such atom once the order of blocks has been fixed. Hence |Aut(MO,)! = 2%k!.

We may rewrite (18) for automorphisms o € Aut(MOy). The function
f:(MO,)" — MO, is a-preserving if for all a = (a4, ..., a,) € (MOy",

f@®) = fa* (20)

Let us return to the interval [0, Cs(xy, . . ., x,)] associated with a graph
G =G, (2 =p =k).Forany a € Aut(MO,),

aeT; ifandonlyif a* e Tg

On the set (MO)"\Tg, (20) is automatically satisfied, as f(b) = 0 for all
b € (MO )"\T;. Let a € Tg. The coordinates of a lie in exactly p blocks of
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MO, and any such a is fixed by exactly those automorphisms which only
permute atoms in the remaining k — p blocks of MOy, that is, IStab al =
|AutMO,.,)| = 2¢~P(k — p)!, which does not depend on a. By (19) the set
T, is partitioned by the automorphism action into orbits of size

_lAut MO 2k 2p<k)p!

|Orb al iStab al ¥k — p)! P 21
To define an Aut(MO))-preserving map f = C;, we cannot freely choose
images from MO, for representatives of the orbits within 7; and then use
(20) to define the images of the other members of T; (as we did in the
previous paper for k = 2), because when p < k, there exist automorphisms
a # B such that for any representative a of orbit Orb a, a* is equal to aP,
restricting the choices for f(a) to those which satisfy f(a)* = f(a)P.

Now for b € MOy, b® = bP if and only if b*®” = b if and only if
aB~! e Stabbifandonlyif b e fixyo, (B ). In other words, an Aut(MO,)-
preserving function f is restricted to values f(a) € fixyo,(y), for y € Stab

a, so
f@e N fixmoly) (22)

yeStaba
The stabilizer of a consists of exactly those automorphisms which only
permute the k — p blocks not covered by the coordinates of a hence
Nyestaba ﬁxMok(y) is the set of atoms of the p blocks covered by a plus 0
and 1, which are always fixed. When ordered by the usual order relation =
on MOk,
N fixme(y) = MO, 23)
yeStaba
So to construct the Aut(MOy)-preserving functions f: (MO,)" — MO,
which are pointwise less than or equal to a given term function Cg(xy, . . .,
x,), we need to define f to be zero whenever C; is and partition the set T
on which Cg is nonzero into orbits under the automorphism action. By (22)
we may freely choose the image f(a) for each orbit-representative a within
Nyesuba fiXmo('y), which forces the values of the other points in Orb a to
be f(@a*) = f(a)*; so by (23) each orbit within T contributes a factor MO,
to the algebra of Aut(MO,)-preserving functions f: (MO,)* - MO,. By (21)
the orbits are all of the same size and the number of orbits within T is

2”(k)p!
ITgl \P — on-p
|Orb al 2pk !

P
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Hence
[0, Colxy, - . -, x)] = (MO,)*"” (24)

The interval [0, ¢’(x, ..., x,)] is the product of intervals [0, Cg(x,,
..., X%,)] over all graphs G = G, (2 = p = k) satisfying condition (c) of
Proposition 3.2. Now the number of labeled complete p-partite graphs on m
vertices is the same as the number of partitions of a labeled m-element set
into exactly p parts, which is given by the Stirling numbers S (m, p) of the
second kind (Aigner, 1979; 2.66, 3.29, and 3.39):

Sm,p)=pSm — L,p)+ S(m—1,p— 1) =I% i (—l)P“S(Is’>s'"
¢ s=1

Since p ranges from 2 to k and the number of isolated vertices / from 0 to
n — p, the number of the graphs G = G, on n vertices is given by

n—p n
¢’ p) = 2, (,)S(n —Lp)

1=0

Note that for n = 1, ¢'(n, p) is zero because p is always greater than or
equal to 2. Let us define

d(n, p) = 2"7Pd'(n, p)

It can easily be verified that when p = 2, which holds whenever k = 2, &(n,
2) corresponds to the function ¢(n) in Theorem 1.1, as to be expected. Now
by (24) and above, each p, where 2 < p =< k, contributes a factor of (MO,)**?
to the interval [0, ¢'(x,, ..., x,)]. Hence

‘ k
[0, ¢'(xy, - . ., X)) = 1;[ [0, Celxy, . . ., x)] = 1‘[2 (MO,)*»)
F

and the final resuits follow immediately.

Theorem 3.3. Foranyn = 1, k = 2,
k
Fuo(n) = Fg(n) X HZ (MO,)*»
. p=
where Fy(n) is the n-generated free Boolean algebra 22",

n=p
&(n, p) = 2" Py’ (n, p) = 2"°P 1=Eo (';)s(n -1, p)
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and the Stirling numbers of the second kind are given by
1 & p
= — —1)p—s m
S(m, p) o s=21 (-1 <s>s
Corollary 34. Foranyn = 1, k = 2,
k —pen
IFugm)l = 22" - [] 2(p + ' "Zi=gDsetr

p=2

where the Stirling numbers of the second kind are defined by
1 & p
- —1)Ps m
Stmp) = ; (-1 (s)s

Finally, we compute a table from which one can read off the structure
of any free algebra Fye(n) for k, n = 10. If we define MO, to be 2 and
extend the formula &(n, p) to include values at p = 1 by defining

dn, 1) =27

then we may write
k
FMGk(n) = l—[l (Mop)d)('l»li)
p=

Hence it is enough to give a table of values of ¢(n, p), for 1 = n, p =< 10,
to describe the structure of Fyg,(n). To determine these values we need to
compute the binomial coefficients (7) and the Stirling numbers of the second
kind, S(n — [, p), for 0 = [ = p. Table I therefore gives part of Pascal’s
triangle, completed using the recursive definition

-
-6

Note that if k is greater than n, then (}) is 0, shown as empty cells in the table.
Table I displays the required Stirling numbers, which can also be defined
recursively by

S0,0 =1, Sn,00=0 forn>0
Sn,k)=Sm—Lk—1)+k-Sn—1k
The empty cells are to be filled with (’s again.
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Table I. Binomial Coefficients () (Pascal’s Triangle).

() k=0 1 2 3 4 5 6 7 8 9 10
n=1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 i

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1

The following procedure establishes Table III of values of ¢(n, k): the
first column’s entries are ¢(n, 1) = 2". Other entries are given by &(n, k) =
2nk 3k (%) S (n — I, k). For n less than k, ¢(n, k) takes value 0. For n =
k, the sum in the expression is taken over the products of row n entries of
Pascal’s triangle with column k entries of the Stirling table. The result is
then multiplied by 2"~ % to give &(n, k).

Now, to determine, for example, the structure of the free algebra Fyg,
(6), we consider the first four entries in the 6th row of Table III. The first
entry gives the power of MO, = 2 in Fy,(6), the next one gives the power
of MO, etc. Thus

Fu0,(6) = 2% X (MO)*'® X (MO3)** X (MO,)**

and
|F yo,(6)] = 264 . (22 + )R8 . (2(3 + 1)BD . (2(4 + 1))*°
Table IE.  Stirling Numbers of the Second Kind S(n, k)
Sn, k) k=1 2 3 4 5 6 7 8 9 10
n=1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 i 63 301 350 140 21 1
8 1 127 966 170t 1050 266 28 1
9 1 255 3025 7770 6951 2646 462 36 1
10 1 511 9330 34105 42525 22827 5880 750 45 1
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Table III. Values of &(n, k)

&(n, k) k=1 2 3 4 5 6 7 8 9 10
n=1 2
2 4 1
3 8 12 1
4 16 100 20 1
5 32 720 260 30 1
6 64 4816 2800 560 42 1
7 128 30912 27216 8400 1064 56 1
8 256 193600 248640 111216 21168 1848 72 1
9 512 1194240 2182720 1360800 365232 47040 3000 90 1
10 1024 7296256 18656000 15790720 5743584 1023792 95040 4620 110 1

Also note that, for k > n, Fyg,(n) is equal to Fyg (n) and that, for k < n,
Fyg,.,(n) has an additional nontrivial factor (MO,,)*™**" when compared
to the structure of F 4o, (n).
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